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VIIL. The Rotation of an Elastic Spheroid.

By S. 8. Houen, M. 4., Fellow of St. Johw's Coliege, and Isaac Newton Student in
the Unwversity of Cambridge.

Communzicated by Professor G. H. Darwin, F.R.S.
Received December 12, 1895, —Read January 16, 1896.

Introduction.

It is well known that, if a rigid body whose principal moments of inertia are @, A, &
be set rotating about its axis of symmetry, and then be subjected to a slight dis-
turbance, it will execute oscillations about its mean position, in consequence of which
the axis of rotation will undergo periodic displacements relatively to the body in a
period which bears to the period of rotation the ratio @ : € — @. The object of the
present investigation is to determine to what extent this period will be modified if the
body, instead of being perfectly rigid, is capable of elastic deformations.

The problem has important bearings in connection with the theory of the Earth’s
rotation. The remarkable researches of Dr. 8. C. CHANDLER, published in a series of
papers in the ¢ Astronomical Journal,’* have placed it almost beyond a doubt that the
axis of rotation of the Earth is subject to a series of displacements, the most impor-
tant of which consists of a periodic motion in all respects similar in character to the
oscillation mentioned above, but having a period considerably in excess of that which
theory would require if the Earth could be regarded as perfectly rigid. It is natural
to suppose that this motion has its origin in the same cause, but that the theory by
which the period has previously been assigned is in some respects defective. The
most plausible attempt which has yet been made to correct this theory is that given
by NewcouB,! who shows, by an elegant geometrical method, that the elasticity of
the solid portions of the Harth and the mobility of the ocean will each have the effect
of prolonging the period. He then proceeds to obtain a numerical estimate of this
extension, basing his calculations on certain results given by TromsoN and Tarr}
with reference to the deformation of an elastic sphere. In order to make these
results applicable, several assumptions have to be made which do not appear to me

* Vol. 11, et seq. For a summary of CHANDLER'S results, vide ¢ Science,” May 3, 1895.
+ ‘Monthly Notices of the Royal Astronomical Society,” March, 1892.
} ¢Natural Philosophy,” Part I1., § 837.
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320 MR. 8. S. HOUGH ON THE ROTATION OF AN ELASTIC SPHEROID.

to be well founded ; and it is with a view to examining these assumptions that I have
attempted to exhibit the solution of the problem in an analytical form.

The analysis in the present paper is confined to the case of a homogeneous spheroid
of revolution, composed of isotropic, incompressible, gravitating material, while no
account is taken of the surface waters. For further simplification we have also sup-
posed that the figure conforms to that required for hydrostatic equilibrium, so that
when the body is undisturbed we may suppose it free from strain in its interior, We
have reason to suppose that this condition is approximately realized in the case of the
Earth.

In §§ 1-2, T have obtained the rigorous dynamical equations for the oscillations of
such a system. The form of these equations is, however, such as to render an
approximate solution necessary. HHence it has been assumed in the subsequent
sections that the ellipticity of the spheroid and, consequently, the angular velocity
of rotation, are small quantities. This assumption leads to a considerable reduction
in the differential equations which express the elastic displacements, and, in fact,
reduces them to the familiar equations for the equilibrium of a strained elastic body
The boundary conditions are also similar in form to the surface equations which are
obtained in treating of the problem of the deformations of an elastic sphere, and as
the solution of this problem is well known, we are in a position to obtain a solution of
our differential equations applicable to the problem in hand. §§ 3-4 are devoted to
the transformation of the equations into a form convenient for solution, while the
actual solution is given in § 5. '

The method of approximation followed up to this point fails to lead to a determi-
nation of the period. When, however, the body is supposed perfectly rigid, we are
able to determine the period accurately by means of the equations of angular
momentum for the whole system. This suggests the use of an analogous process,
which is employed in § 6, to determine the period when elastic deformations are
taken into account.

The principal results of this paper will be found in § 8, where they are compared
with the hypotheses made by NEwcoms. It is found that the general character of
the motion agrees with that assumed by NEwcoms, but that his quantitative law as
to the displacement of the pole, due to elastic distortion, is slightly in error. The
bearing of these results on the theory of the Earth’s constitution is discussed in the
final section (§ 9).

§ 1. Differential Equations of Motion of Isotropic, Incompressible, Elastic Solid,
referred to awxes rotating uniformly.

Take as axis of z the axis of rotation, and let the system be rotating with angular
velocity o about this axis. Let @, + u, ¥, + v, %, 4+ w be the coordinates at the time
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¢ of the particle, which, when the body is unstrained, is at the pomt %, Yo, % The
velocity components of this particle will be

U= i<wo+u>~m<yo+v>=fl-w(yo+v>,

V=-— y7 (g/o-]—v)—-[— w(x0+u)=%}+w(w0+u),
W= dt (2 + w) = w.

The components of acceleration will be

U—Vo=1u—vw— {é-l—-m(%—ku)}w::"&l-—Zw;)—-mgu—-wzmo,
V-}-Uw——v—]—uw—}- {u-—-w(yo-l—'v)}w_-'v—l-Qwu-—wg'v-—myo,
W . = w,

If P, Q, R, S, T, U denote the six components of stress at the point @, ¥, z (where
@ =, + u, &c.), X, Y, Z the components of bodily force at this point, and p the
density of the material, the equations of motion may be written down in the
same manner as if the axes were fixed, provided that we replace the accelerations

dPu/de?, dPv/dt?, dPw/di? by the values we have found above. Thus we have®

+ 883 + 5 4+ pX __p(u — 200 — ¥ — w*x,),

aU
81:+ BJ + az—}-pY-—p(v-{— 201 — ©* — %),

We have here employed two different sets of independent variables. The quantities
involved on the left have been supposed to be expressed as functions of the variables
x, 7, 2, t, thatis to say, the coordinates of a definite point on which we fix our attention
and the time ; these variables are analogous to the Eulerian system in Hydrodynamies.
On the other hand, the quantities u, », w on theright have been regarded as functions
of @y, Yo, % £, which correspond to the Lagrangian system of independent variables
in Hydrodynamics. Itis desirable for us to retain only one set of variables ; we propose
to select the former set and proceed to examine the modified form of the equations of
small motion. ‘

If the symbol d/dt be used as above to denote partial differentiation with respect

* Lov, ‘Elasticity,’ vol. 1, p. 60.
MDCCOXOVI——A. 2T
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322 MR. S. 8. HOUGH ON THE ROTATION OF AN ELASTIC SPHEROID.

to the time, on the supposition that x, ¥, 2, remain constant, and 9/0¢ be used when
x, 1, #, are the other independent variables, we have

d 0 dw 0 dv 0 dw 0
7 T T T T VT

Hence, if we neglect squares and products of the small quantities u, v, w, we
obtain

w=dujdt = oufot, u= dPu/dt = Fufor, &e.

Thus, the only modification necessary on the right will be to replace x, 4+ u by «,
and ¥y, 4 v by 7, and the equations of motion become

opP b
+%+&+M—Mwﬂwmw)

+@+&+ﬂ—ﬂﬂﬂw—wﬂn-«~-ﬂ>

R
*"n—l— + = +pZ=pw

7

We have retained the fluxional notation, it being understood that the dots now
denote differentiation with regard to the time on the supposition that x, ¥, z remain
constant. :

Since the stress-strain relations do not involve differentiation with regard to the
time, they may be written down in the same manner as when the axes are fixed. To
the degree of approximation to which we are going, we may replace ou/ox,, &e., by
oufox, &ec., and therefore when the material is isotropic and incompressible, the
components of stress are given by

ou o
P———p~|—2|‘(——:-—p+2n§;

ov ov
Q»: —-zo—{-le"‘““——]?-}-ZlIg!;
ow —p 4o %Jgu
oL (2),
alb 87;
5=n (a./o az) < + 5;)
Ou /au ow
T = <870 7 d@o> +_8;c>
,,,, ou

> 8?/) 3

where p denotes the hydrostatic pressure at @, v, z, and W the vigidity.

R=—p +211

H

H

U*“\a%"‘a
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If further, the bodily forees be derivable from a poteuntial function V, so that
X=0V/ow, Y=0V/oy, Z=0V/oz . . . . . . (3),
“on substituting the values (2), (3), in (1), we obtain

n

a ‘}7 . .
- Vit {V+ 3’ (2 + ) = *;;} = v — 2o,

n 0 - o )
,_; Vi -+ o {V_‘_ Lo? (ggg + %) —-- Jﬁ-—} = v 4 2o0u,
n

a R e
vt Vgt (@) =L} =

Putting w/p=n, V<4 Lo® (a® 4 4°) — p/p = 4, these equations take the form

nVu -+ of/on = U — 20, ]
WV oy =v 4+ 20w, [ o - oo - - (4)

. |
nV2w 4 0/oz = w. J

We must in addition express the fact that the material is incompressible ; this

is done by the equation .
oufdx + ovfdy + owfoz =10 . . . . . . . . (5)

The equations (4), (5), which are the rigorous equations for the vibrations of a
rotating, incompressible, elastic solid, are theoretically sufficient to determine u, v, w, 1,
subject to certain boundary conditions. Eliminating v, » in turn from the first two
of equations (4), we obtain

[(n\ﬁ §2> + 4o 82:] —— (nW a¢~> W gl 2 @D
N
oz

0 0 o\ 0
[(an 8252) + 40® aﬂ]vw (nW 3 >a;f 20 81,‘( )

Applying the operators 0/0x, 9/dy, and making use of (5),
' e o0/ o /au;, &y
9 9 9 U” (0w
K“V 852) T 4o aﬁ] % (" — 55 )\ae T 3 )

‘Hence, on eliminating w by means of the third of (4), we obtain the following
equation for ¢ :—

[W(nvz"é?) + 4o? cﬂaﬂlw*o E Lo (6)
212
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324 MR. 8. 8. HOUGH ON THE ROTATION OF AN ELASTIC SPHEROID.

In the case where n is zero, it will be noticed that the last equation reduces to
Poixcart’s differential equation for the oscillations of a rotating mass of liquid.*
It may easily be shown by retaining any one of the four quantities u, v, w, ¢, and
“climinating the other three, that each one of these quantities is a solution of the
equation (6). .

If the motion relatively to the moving axes consists of a simple harmonic vibration
in period 27/\, we may suppose u, v, w, ¥ each proportional to ¢*, and the equations
(4), (5), (6) will then become

(n V24 N)u + 20000 = — 81[:/8%,7[

(0 V24 ) v — 20ihu = — 0y/dy, | )
(n V24 N w = — /oz, | ’
dufox + dv/dy--ow/oz = 0, ;

[V2(n V2 4 NP — 40N 0% =0 . . . . . . . (8)

§ 2. Boundary Conditions.

The conditions to be satisfied at the boundary are that the components of surface-
traction should vanish at all points of the displaced surface. We proceed to replace
these conditions by certain analytical conditions at the mean surface.

Take a point P on the mean surface and let the normal at P meet the surface of
the distorted body in P’

Let cos , cos B, cos y be the direction-cosines of the normal PP’ and cos a -+ 1/,
cos B -+ m,, cos y -4 n, the direction-cosines of the normal at P’ to the displaced
surface ; also let PP’ = {. Then [,, my, n,, { will be small quantities of the order of

the displacements u, v, w.
Let P, Q, R, S, T, U denote the components of stress at P and the same letters

* ¢ Acta Mathematica,” vol. 7, p. 356.
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accented the components of stress at P’, and let dn’ denote an element of the normal
to the mean surface. Then to our order of approximation we have

P=P+ {oPjon/, Q =Q + (0Q/on/, &e.
Thus the component of surface-traction at P’ parallel to the axis of « is

P’ (cos o + 1)) + U’ (cos B + m,) + T’ (cos y -+ n)),

_— (P—|— §§§> (cos(x—}-ll)-!—((U—I— {g—g> (cos B+ m;) + (T—I— ng;> (cosy + ny),

=Pcosa+Ucos,8+Tcosy+ﬁ(ggcosa+%cosﬁ+%%cos'y>
-+ ,P + mU 4+ n,T,

if we neglect small quantities of the second order.
Now in the small terms we may replace P, Q, R, &c., by their values in the

steady motion, Since we have supposed the body when undisturbed to be free
from tangential stress in its interior, we have in this case

P=Q=R=—p, S=T=U=0

throughout, while at the surface also p = 0.

Therefore ;P - m U + T, oU/on’, oT/on’ may be put equal to zero, and
%71;7 == ga% == Pa AV + Lo? (2 + 4*)} = + pg say, where g denotes the value

of gravity (inclusive of centrifugal force) at the surface. Thus the z-component

of surface-traction at P’ is

Pcosa+Uéos,8+Tcosy-Fpg§cosa.

Introducing the values of P, U, T in terms of the displacements and equating this
expression to zero, we obtain

_pCOSa+n<a coc;oc-i—g cosﬁ—,—% COSy)—I—ﬁ(a cos o - g eos,@+a cosy)
= — pg{cos e ;

and, in like manner, by considering the components of surface-traction in the
directions of the axes of v and z,
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326 MR. S. S. HOUGH ON THE ROTATION OF AN ELASTIC SPHEROID.

_pcosB+ﬁ<—~cosa+aco%,@+5—cos')/>+n< cosoc—l—a sﬁ—l—g—jcos'y)
= — pg{cos B,

—pcos'y—l—n( cosa—l—- coq,@—l—éﬂcos')/)—[—n{g cosa+ cos,8+ N cos7>
= — pg{ cos y.

These equations express the fact that the surface-tractions at the mean surface are
equivalent to a mnormal stress equal to the weight of the harmonic inequality,
and they might have been written down at once from this consideration. 1t has,
however, been thought preferable to verify them at length ; it will be seen that the
shorter procedure is only justifiable in the case where the material is initially in
a state of hydrostatic equilibrium. If in the zero configuration this condition is not
satisfied the form of the boundary equations will be much more complicated.

Let us now replace p by the function s of the previous section. By the definition
of ¢ we have

plp=V + o (@ +y°) —

= non-periodic terms -} v ~— i,

where v denotes the potential due to the harmonic inequalities.
The non-periodic terms vanish at the surface in virtue of the conditions for steady

motion, and therefore the boundary equations may be written

Y cos o + n{ cos,oc-l—a cos B -+ B co&y—]—a cosoc+a cos,8+ 5 cosax}
= (v — g{) cos a

[0 % B ou o 0w

Yees B4 n 18@; cos a - a2/cos,8 + 5 cosy + % cos o 4+ ag/COS’B + 5 COS’y}
= (v' — g{) cos B

Yeosy + n{ cosa+ 8 cos,8+ a cos'y—l— 8 COS -{—a cosﬁ+ 5 cos;/}

- (9),

= (v — g{) cosy )
where
=wucosa 4 wvcos B+ weosy . . . . . . . (10).

The rigorous method of procedure would be first to solve the equation (8) for .
Having found ¢ we could introduce its value into the right-hand members of (7) and
proceed to find solutions of these equations consistent with the boundary conditions
(9). Unfortunately the form of equation (8) is such as to make it appear hopeless
to carry out this process, and we must have recourse to some method of approxima-
tion before we can advance further.
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§ 8. Change of Varwables.

An elastic body, such as that with which we are dealing, will, of course, be capable
of an infinite number of independent normal types of vibration. The equations of
motion we have found in § 1 are applicable to any one of these types, while the
substitution of the solutions in the boundary equations should Jead to an equation
for the determination of the frequencies. In general, the values of u, v, w will
become very small when 7 is large in such a manner that nu, nv, nw approach finite
limits, while the admissible values of A become large of the order n*. That type of
oscillation with which we are concerned is, however, unique in character in that it
continues to exist even when the rigidity is perfect. If, then, in the expressions for
u, v, w in terms of n we suppose n to be made infinite, u, v, w should approach finite
limits which we will denote by w, vy, w,.

The quantities u,, vy, w, denote the displacements of a body which is supposed
perfectly rigid. Now the most general small displacement of such a body consists of
a translation whose components we may denote by & =, {, and a rotation whose
components we denote by 6,, 0, 0. Thus, the most general values of uy, vy, w,
geometrically possible are ’

E— yly + 20, n — 20, + x0;, { — a0, + y0,.

When, however, we are dealing with the rotation of a rigid body not subject to
external disturbing force the quantities & %, {, ; will not appear, and we may take

uy =20y, vo= — 20, wy=—ab, +y0,. . . . . . (11).

Let us now suppose that

U= Uy 4 Uy, V=104 v, W= 1w, 4+ w,

where u, v, W, have the values (11). This is equivalent to supposing that the body
is first displaced by rotation as a whole through small angles 8,, 8, about Oz, Oy and
is then subjected to elastic distortion, the displacements due to the distortions
being u,, v, w;. ‘
Further, let { = ¢, + ¢, v = v/, + o/, where
{y = ug cos a4 v, cos B 4+ w, cos 'y} . (12),

{, = wu, cos o 4 v, cos B+ w, cos y

and where v';, v'; denote the parts of v due to the harmonic inequalities ,, {
respectively.
If V,, denote the non-periodic part of V, V, + ¢'; will be the potential at the point
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328 MR. 8. S. HOUGH ON THE ROTATION OF AN ELASTIC SPHEROID.

x, y, z due to the attraction of the body when it is rotated without distortion through
small angles 6,, 0,. If then @, 3,2, denote the coordinates of this same point referred
to axes obtained by rotativg the old axes with the body, on putting in evidence the
arguments of the function V,, we have ‘

Vo(e,y,2) + 0y =Vy(e, y2) . . . . . (13).

But the direction cosives of the two sets of axes are given by the scheme

x Y z
Y
" M“O 1 0,
2 0, — 0, | 1

whence @) = = — 20,, v, =y + 20,, 2, = 2 + x0, — y0,.
Introducing these values in (12) and expanding by TAYLOR's theorem, we find

v, (w,y,z)—{-v'O:VO(w-—z b Y+ 20y, z 4 xb, — yb,)

= Vo (2,9, 2) — 20, 5= + 20, 5&9 + (@0 — yb)) .
But from the definition of ¢ we have, at the surface,
geosa=— aéio" w'x, g cos B = —"8;; - %, ¢ cos y = «-%ﬂ

and, therefore,

vy = 20, (g cos & 4+ w*x) — 20, (¢ cos B + oy} — (20, — y0,) g cos y
= g (u, cos a 4 v, cos B + w, cos y) + o* (Oywz — 0,y2),

or
vy = 9l = @® (Ogz — 012),
whence, finally,
vV — gl = Oz — O0yz) +0v'1— 94 . . . . . . (14)
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If now we change our variables from w, v, w to u;, v,, w;, the equations of motion
become

nV2u, 4+ Nu, + 20\, = — W/ox — \%0, + 2wilz0,
nV, + Mo, — 20i\u;, = — 0Y/oy -+ N0, + 2wiNzb,
nVar, + Nw, = — oyfoz 4 \* (x0, — yb,)

“s
;} .. (1),
duy /0 + Ov/dy + Ow, [0z = 0 Jl

while in virtue of (14) the boundary eQuations may be written

~

Ycos o +n {((% oS oc—l—%?cos ,8—!—%3? cos y—}-aa% cos oc+%%cos ,8+%%cosy}
— (V' — 94)) cos & = o (Oyxz — 0,y2) cos a,
Yeos B+ n {%% cos oc—l—-gg" cos ,8—}—%? cos y+%% cos oc—{-g;l cos B-l—%%cos 'y}

— (v, — 94) cos B = o* (022 — 0,y2) cos B,

- (16).

Yeosy +n {%1 cos oc-l—%l-; cos ,6—|-%u;1 cos y-{-%g cos a+%§‘~ oS B—l—%?cos 'y}

— (v'y — g&,) cos y = o? (B2 — 0,92) cos . j

§ 4. Reduction of the Equations when the Body is of the form of a Spheroid of
Small Llliptecity.

The only assumption we have made as yet as to the form of the free surface is that
it is a possible figure of equilibrium for a rotating mass of liquid, so that the body
may be free from strain when rotating uniformly. The simplest form which can
occur and that which presents the greatest interest is the case of a spheroid of
revolution of small ellipticity e. We propose for the future to confine ourselves
to this case. If we neglect the square of e the angular velocity of rotation is related
to e by the equation

e=150*16mp . . . . . . . . . . (17),

where the density p is expressed in gravitational units. If then the units of length
and time be so chosen that p is finite, » will be a small quantity of the order .
Take as the equation to the free surface » = a {1 4+ €T,} where

Ty = (@ + o> — 2¢%)/3a2.
- MDCCOXCVI.——A, 2 U
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Then the direction cosines of the normal to the surface » = o {1 + €Q,}, where Q,
is a solid harmonic of order n, are

and thus we have

cos —-f*___l_.@ ?—?T o,
By =" €122 oz |’

whence »
Ly = 20, cos & — 20, cos B — (Byx — Oyy) cosry

r./ o1, o, T, T,
= OLG\ 6 < a~ —2 é;) + 91 </é a}; - Y *gg)]

::0&6[ . Qxd + 0 {'/f}

or

2
CO:—»;[Hzxz--—Hlyz]. R € 1)

Now observation indicates that in the case of the Earth the oscillation in question
differs but slightly in type from the motion of a rigid body, whence we conclude that
u,, vy, w, must be small compared with u, v, w. We propose therefore to make the
assumptions, leaving the verification thereof to our subsequent work, that uy, v), wy, ¥
contain the small factor % while X is a small quantity of the order w®. The latter
assumption is justifiable when the body is perfectly rigid, since in this case we have

o — & 15w

A
A A AP
(4]

[ l67rp

If then, we neglect small quantities of the order ! or €, the equations of motion

(15) reduce to
o oy

WV, = — == Vi = — = aVw, = — o,

oz oy . fo (19)
om y Ony 0wy o
oz oy -1‘ 0z

Since all the terms in the boundary equations involve the small factor ®, we may
replace cos a, cos B, cos y, by @/r, y/r, z/r respectively, with errors only of the same
order w*, and thus the approximate form of the boundary equations is
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d , o
Y+ n < L) u g (e + vy + wiz) — (v —gl) @
=, o ((?pacz — Oyz),

R ,
Yy + n (7' 3= >”’1 + n= 3 (%90 + oy +we)— (v —gl)y
=Y. o’ (Hzocz — Oy2),

(20).*

) 0 ,
Yz -+ n <r é(; - 1> w, + né;(ulw + vy + wpz) — (v —g{) 2
= 2. o (Oyaz — 0,y2). J

To the same order we may suppose these equations to hold good at the surface » = a,
instead of at the surface r» = a {1 - €T,}.

§ 5. Determaination of the Elastic Distortions.

The modified forms (19) of the equations of motion are simply the equations to
which we are led in determining the displacements in a strained elastic solid and the
solutions of them, when either the displacements or the surface-tractions at the
surface of a sphere are given, are well knownt We may readily adapt these
solutions so as to satisfy the boundary conditions (20).

Denote for brevity the function ® (622 — 0,42) by S,.

From (19) we obtain at once V¥ = 0. This equation replaces the more com-
plicated form (8); a particular solution of it is ¢ = AS,,

Introducing this value of ¥ into the left-hand members of (19), we find

A s, A 08, A oS
0% 2, ______._#,.A7 Up. == —m = P
n v Ve, n oy Vi, n 0z

particular solutions of which are

A 08 A 08, A BS
U = — .1.1__—7_?/_7-' —af, v = — ”ll(f—,n—_ r? 87/ W, = - 110 n a~ . (21)’

These do not satisfy the last of equations (19), but they make

au1+ aul_}_awl ""T?"A S,

* For the physical signiﬁcance of these equations, vide § 8 infra.
t Vide Love, ‘Dhshmty, vol. 1, chap. 10.
20 2
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We must therefore add to the particular integrals just found complementary
functions which satisty the equations

Vi, =0, V¥ =0, Vu = ‘L
aul avl+awl._‘_+5,,ws [ e (22).

2

/
Now the functions #7 ?% <SZ> 8(3 (S > 7z 58; <~7S—3> are spherical harmonic func-

tions which remain finite at the origin, and hence, if we take

ul-—:B —|—C7~<—‘1—>»ﬂ

70
’ljl—BQS——I—C 7%(5&),

YT

(25)

o
_ g% | 1 0 (S
el Oz G oz <¢5> 5

the first three of equations (22) will be satisfied identically, and the fourth will also

be satisfied if

A
—3.7.C= kn or 0= — 125

Therefore, adding together the particular integrals (21) and the complementary
functions (28), we obtain as a set of solutions of the equations of motion which remain
finite at the origin

Y= AS,,
AL, A0S
L n . O o YOS5 o "z \ 99 )’
v — .__L_,A. 03, +Baﬁsg_?2__fx_1n§~ S\ Lo L (24).
1 10 n ay a}/ 105 n a!/ 50
A 08, oS A ,0/8
y R bt 2 eialpt) Sl i3
W= 10%7 a~+B82 105, az<7"5>’

We must now prove that these solutions are sufficiently general to satisfy the
boundary conditions (20) at the surface of the sphere r = «a.
From (24) we obtain

A \
wr + vy 4+ vz = — % L S, + 2BS, + +% o 8, = —3 /— 7"82—1— 2BS, . (25).

2
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Since in the small terms which already contain S, as a factor we may treat the
spheroid as a sphere of radius «, we have

2 1 Aa?
él = ’Ml + ’Ul + w, (; = ZL |:2B — % ?l{] S‘Z e v e e (26),
and therefore 5 ‘
’ 4 4 ) Ad?)
v/ = § wpal, = g ap | 2B "‘77_! Sy,

whence

, ' A .
v, — gl = Fmpa — $mpa) {; = — Fap [ZB — ——S—J S, .. (@2n).

Consider now the different terms of the left-hand members of the boundary .
equations (20). By means of the formula

we obtain at the boundary

— A2 a0 /8]
o —-A{5 oz 5 ax<9'5>J
Also we have
<’I 587 —_ 1)%1 = — %‘%7‘2%2‘ _ 1—%‘5—%77 a%;<_?524>,
and from (25)
A A 08, oS
o (ulw vy +we)= -5 @Sy —F - r* 5> -+ 2B -5;
A{ ®0S, 0[S A 08,
= — 2 22— (2 =1 2B ¥
4 5 oz 58x<r5>} . a ‘+
therefore, at the surface,
0 L Ad? 3S s, A _0/8S
5 (e + vy + wie) = — F— . = ~+ 2B + 3-; o’ 53;<7§> .

Lastly, from (27),
, , Ad? oS d /8
x(v) —gl) = —Fmp LZB -1 — :I [azaze —_ “755<752>]
and therefore the first boundary équation becomes

05,

— — tAa® — tAd® 4 20B + Fsmpa® (2B — ¥ L A }
o P n

0 /5, 2 ) L A
+ ab. % <7—j> {—- A %— — se:Ad + HAP? — Fmpd® <2B 7;)}

a9, d 0o >
— B & b 8m<7"5
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The remaining boundary equations can be written down by replacing @ by v, 2
respectively. Hence, all three boundary equations will be satisfied provided A, B
are subject to the relations

n

— Ad® 4+ 10nB 4+ #5mpa® <2B —_ %é“> = o,
2
Aa \ —

W

Aa? — P Aa® 4+ Fmpd? < 2B -

af

;

Solving these equations, we obtain

Aa® 5a?|n

2B — % A S

Now, let ¢ = 50°a?/38n, so that € will denote the ellipticity which would be
induced in a sphere of radius @ by centrifugal force when distortion is resisted by
elasticity alone.* Then the above values may be written

21 8¢'/5
U L — -
A= 19 {1 + €je}’ Bo? = 1 éle’
[ OB — 1 Ad®\ o 2
‘ \~ Toa /w T 14 €le
Finally from (24)
. Adto? 72 At @ (B.as — O
u = uy + u; = 20, + Bo'2l, — 5 ° e O + o5 ARG . 02)
?’b a” " a?
o d it s ¢ w0 — by
=zl + . — 51 + e a?
1+ éle
72 > (28),
8¢ — — ¢ ¢y (02 — O1y2)
== = —7 1 0 a? 4 JA\Ve 1
v == + v 791 + Al;;’/e_}_}— 514+ ¢fe a®
8¢ — 7; ! ¢ 2(0pz — Oz
w=wytw=(—aby+yl) 1 ~"_"@° 43 ; G 2 1)
1+ é/e 1+ €l “
-

“* Of. THoMsoN and Tarr, “ Natural Philosophy,” Part II., § 837,
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and from (18), (26)

. % 2 ¢
=4+ 6=~ ; (Oyrz — Hlyz) + " (Tfé%_) (O — 0,y2)
2 ’
= — {e — ook _:e,/e} (Oyz — 0,y2),
) 2 € ' .&
=—— {1 +€,/e} (Ogez — Oyyz) . . . . . o . . (29)

§ 6. Determination of the Period.

The method we have followed hitherto has enabled us to express the displacements
at any point of the body by means of two arbitrary constants 6, 6, but the
quantity N, whose value it is our chief object to determine, has entirely disappeared.
We have, in fact, verified that the equations (7), (8), and the boundary conditions (9)
are approximately satisfied by the forms (28), while to the same order zero is the
approximate value of .. We require now to have recourse to a method which will
enable us to carry our approximations to the value of M\ further.

By using the well-known equations of motion of a body of changing form Professor -
WoopwarD* has shown that the determination of the period may be reduced to the
evaluation of the disturbing angular velocities due to the flow of the material
relatively to the principal axes of the body. As we have now expressed the
displacements, and consequently the velocities, at any point in terms of 6, 6,
which may be taken as the displacements of the body as a whole, we are in a
position to calculate these disturbing angular velocities. We might then introduce
their values in Professor WoopwWARD’S equations and proceed to the determination
of the period by his method. We propose, however, to make use of equivalent
equations which express that the rates of change of angular momentum for the
system as a whole about the axes Oz, Oy are zero. It seems somewhat preferable,
on account of the additional simplicity of the motion of the axes themselves, to
refer to these axes rather than to the moving axes used by WoopwarD, which
correspond with our axes Oz}, Oy,. :

If %y, hy denote the components of angular momentum about Ox, Oy, we have

hy = f“{wy — (v + @) 2} dm,

where dm denotes an element of mass, and the integral is taken throughout the
volume contained by the displaced surface. Replacing the integral by an integral
taken throughout the mean volume and a surface integral, we have

hy = ”f{(wy — v2) — waz} dm — p ” {wazdS,

# ¢ Astronomical Journal,’ xv., No. 345.


http://rsta.royalsocietypublishing.org/

A

\

/%

A
A \

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

)

Py
fa \
A A

.
Y,

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

336 MR. 8. 8. HOUGH ON THE ROTATION OF AN ELASTIC SPHEROID.

or since Hsz dm j. _(a"z dm =0 and v, w, { are each proportional to ¢,

hy =1\ ”f (wy — vz) dm — po ” oen dSS,

i = = 2 [[[ (sy — 02) dim — poir [[ 22 ds.
Similarly
hy = 1A HJ' (uz — wx) dm — po H Lyz dSS,

hy= — \ [“ (wy — vz) dm — pwik ” Lyz dS.
The equations of angular momentum are
hy — hyw =0, By + o = 0.

Replacing hy, hy, hy, by by the values we have just found we obtain the following
rigorous equations

— A\ ”{ (wy - v2) dm — pwik H Zacz ds A

— \w .[H (uz — wx) dm + po® H Lrz dS =0,
— N ”j’ (uz — wx) dm — pwi)x” Lyz dS S

+ o ”j' (wy — vz) dm — po® H foez dS = 0,

J

Now by using the approximate forms (28) and denoting by M the mass of the
spheroid, we have

(” (wy — v2) dm = f”{ — ayl, + (2 + ) 6.} dm + J‘” (wyy — vy7) dm
= £Ma’0, + terms of order e,
Hj‘ (uz — wx) dm = {”{(zz + 2%) 0, — xy0,} dm + Hj’(ulz — wyx) dm

= ZMo?0, + terms of order e.
Also from (29),

[[ e as =2 <If?/e > [[ 22 a8 = ymarey (1'??7) ,

H;mozs: ety

the errors being of the order ¢
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Hence neglecting terms of order w® only (N being regarded as of order %) the
equations (30) reduce to

. . 5 €

-~ \o . éMagﬁz -} ngﬁl . "&577'@" 1:;7/; =0,
. - . €

-I— Ao . %3166291 + pw292 . —185*77'@" I‘“!:*ejg = 0

These 'equations will be consistent if' 8, = 0,

8 5ey2
TET PA W™ 5+
15 p 1 _{_ €/II€ €

javnnd [ — - 0
= 2MdaPw u“w1+e'/e° ot e (‘)1)'

This gives the value of X with errors of the order o’.

§ 7. Numerical Values.

If we suppose the rigidity of our body to become perfect we should obtain € == 0,
and therefore Mo =e. ’

This is the value we should arrive at if we started by neglecting the elastic distor-
tions. We see now that it is too large and that consequently the effect of elastic
deformation is to diminish the frequency or to prolong the period.

The expressions for €, € are

15w? , 5w’a®

Taking the sidereal day as 86164 mean solar seconds and using Boys’s values* for
the mean density of the Farth and the constant of gravitation, viz.: 5:5270 and
6°6576 X 10~% we find from the above formula that for a spheroid of the same mean
density as the Earth, rotating in a sidereal day,

Again taking the Farth’s mean radius as 6'371 X 10° centimetres and
=819 X 10,1 which is the rigidity of steel, we find '

n=MN/p=1482 x 10,

* ¢Proc. Roy. Soc.,” 1894, p. 132.
+ Evererr, ¢ Units and Physical Constants,” pp. 61, 65.
MDCOCCXCVI.—A. 2 X
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whence
and finally

€ 1
14 ¢€le 3835

Mo =

We conclude that for a homogeneous spheroid of the same size and mean density
as the Earth, the period would be extended from 232 days to 335 days in consequence
of elastic distortions, if we suppose the rigidity to be that of steel.

If we take into account the variations in the density of the Earth’s strata the
problem presented becomes much more complicated. We must replace e by the
Precessional Constant, which will no longer be equal to the surface ellipticity. Its
value may however be accurately determined by means of data furnished by the
Theory of Precession ; this value is known to be 1/305. Hence the effective value of
€ is diminished in the ratio 232 : 305.

As regards the effect of heterogeneity on the value of €, we are, at present, only in
a position to make speculations. Professor NEwcoMs points out that in caleulating
the mean density, greater weight should be given to the density of the superficial
layers on account of their greater effective inertia, and hence € should also be
diminished. A reasonable hypothesis seems to be that it is diminished in the same
ratio as e. If we make this hypothesis, we find that if the effective rigidity of the
Earth were as great as that of steel, the period of the Eulerian nutation would

become

305 x 335
533 days = 440 days.

This period is slightly in excess of CHANDLER'S observed period of 427 days. We
therefore conclude that the effective rigidity of the Karth is slightly greater than
that of steel. » ‘

If we make the same hypothesis as above, with regard to the effects of the
variations of density, we may easily calculate what degree of rigidity would be
consistent with CeANDLER'S observed period. We find for the period of a homo-
geneous spheroid of the same degree of rigidity

427 x 232

sop days = 326 days.

Putting Mo = 5k5, € = 557 in (31) we obtain
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and therefore
o sl9xET2 .
ll-————rzz — X 101 = 898 X 10,

§ 8. Physical Characteristics of the Motion.

A

<7 The height of the waves at the free surface is given by the formula (29), viz. :—
_ 2

§ P (= — Y iqe / (Oycz ~—= 0,y2).

o5

e

o) 5 Comparing this with equation (18) we see that { may be obtained from ¢, by
E 9) changing 6,, 6, into 6, o 0, e—_—i—e; Thus, to our degree of approximation, the free

surface will remain a spheroid of revolution of ellipticity e. The position of the axis

€
’
G/

of this spheroid may be found by rotating the axis Oz thlough small angles 0

, Oy respectively.

PHILOSOPHICAL
TRANSACTIONS
OF

Agam, from (28) we see that with a high degree of approximation.the displace-
ments at the point «, y, z will be given by

U = 7’02’ V= - 2’01: W= — xﬁg + yﬁ’l e e e e (32),

in other words, the displacements due to elastic deformation will be negligible
compared with the displacements due to the rotation of the body as a whole. We
have seen, however, that the elastic distortions will produce an appreciable effect in
displacing the axis of figure.

The modified forms (32) indicate that 0, 0, are the displacements of an axis

)
A

a
\

n ~ sensibly fixed in the earth, which we may call the mean axis of figure, while the

< o motion, at any instant, will consist very approximately of a rotation, as a rigid body,

S ~ with angular velocity  about an axis’ whose direction-cosines are 8,/w, 6,/o, 1. This

= axis we shall hereafter refer to as the instantaneous axis of rotation. It is, of course,
|

Eg only when we neglect the displacements due to elastic distortion that such an axis

= exists.

25 We have found that when \ = co< = > 0, =6, Taking

O

=0

75= ,

895 0, = per-"

[72]

9‘2 where ¢, 7 ave real, we have

=S = — igeren,

2 X 2
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Adding to these the solutions obtained by changing the sign of ¢, wherever it

e’

occurs, we find as the real solution corresponding to the frequencies -+ o

e+ ¢
0, = 2¢ cos A (t — 7), 0y, = 2¢sin \ (¢ — 7),
0o = — 2¢ -Z:— sinA (¢ — 1), b0 = + 24 Z— cos N (¢ — 7).
Y
//_f:a

/Pl
7 C “

n

Let C be the point where the axis Oz cuts the surface of the spheroid, and let us
take a pair of rectangular axes Cz, Cy, having C as origin and parallel to the original
axes Oz, Oy. Let P, P, R be the points in which the mean axis of figure, the axis
of the deformed figure and the instantanecus axis meet the plane Cxy. Taking the
radius of the spheroid as unity, the coordinates of P are ¢,, — 6, or

2¢ sin X (¢ — 7), — 2¢ cos N (£ - 7).
The coordinates of P’ are 02~~—€—A; , — 0, ”"'—e“; , or
€+ € €+e

€

. €
g _ 9 S — )
2gb€+€, sin A (¢ T),. 20 4o cos N (t — 7),

and the coordinates of R are 91/'w, 92/w, or

2
€

-_ 2(,{) e‘ sin \ (t — T), 'Jr 2¢) g‘i‘? cos A (t — T).

+ €

‘We thus see that the pointé P, P/, R all lie on the same straight line through C,
and that this line revolves about ' with uniforin angular velocity A relatively to the
moving axes Cw, Cy. These axes are themselves rotating with angular velocity
about C in the same direction, and, hence, the actual angular velocity of the line
PP'R about Cis o {1 4 /(e + ¢)}. The distances of R, P, P’ from C remain constant,

while since CR is of the order e compared with CP or CP’, which are themselves
small quantities, we may suppose the point R to coincide with C. 'We conclude that
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the axis of rotation remains sensibly fixed in direction while the mean axis of figure
and the axis of the distorted figure describe cones of revolution about it in a period
approximately equal to the period of rotation, these three axes always remaining in
a plane. . A

Let us next consider the motion of the instantaneous axis of rotation relatively to
the Earth. Take a new set of axes Oz, Oy,, Oz found by rotating the old set
through small angles 0,, 6, about Oz, Oy; these new axes will be sensibly fixed in
the Harth. The motion at any instant consists of a rotation whose components about

the old axes are 0, 6, w; resolving these rotations about the new axes, we find for
the components

él — wb,, 62 + wb,, o.

Hence the direction-cosines of the axis of rotation relatively to the axes O, Oy,, Oz,
are .
(él — ob)/o, (02 + b))/, 1,
or

& &

>sin)\(t——7), +24’<1+ et

e+ €

_2¢<1+ >cos)\(t-—-7), 1.

€4 €

Thus, relatively to the Farth, the axis of rotation will describe a cone of revolution
about the mean axis of figure with angular velocity A, the direction of motion in
this cone being the same as the direction of the Earth’s rotation. This motion would
manifest itself by a periodic change in the latitude of places on the Earth’s surface,
as found by astronomical observations.

The circumstances we have here described are the well-known characteristics of the
Eulerian nutation,® with the additional feature that the axis of figure is displaced by
centrifugal force towards the axis of rotation. This latter fact has been assumed by
Newcomst and other writers] as the basis of their work. The law of displacement
of the pole of figure assumed by NEwcoums is, however, not verified. We find

PR:PPR=c¢+¢ :¢
or
PP :PR=¢:e. . . . . . . . . . (),
whereas NEwcoMB has taken .
PP :PR=E:e . . . . . . . . . (b),

where E’ denotes the ellipticity which would be induced in a sphere by centrifugal

* TISSERAND, ¢ Mécanique Céleste,” vol. 2, p. 494.
+ ¢Monthly Notices,” March, 1892, .
1 For an account of previous work, vide T1sserAND, ¢ Mécanique Célesbe,” vol. 2, chap. xxx.
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force, if distortion were resisted by gravitation as well as by elasticity. The quantity
€ is the ellipticity which would be induced if elasticity were the only resisting factor.

The reason Professor NewcoMs’s hypothesis is at fault is that the ellipticity e,
called by him the “natural ” ellipticity of the spheroid, is itself partly maintained by
centrifugal force, and that if the rotation were annulled, the spheroid would be
distorted so that its ellipticity would no longer be ¢, but E, say.

The ellipticity induced by rotation about a displaced axis has to be superposed on
the ellipticity E about the original axis of rotation, and not on the ellipticity e.
Thus, in (b), € should be replaced by E. Now it is obvious that € = E 4 K, and by
a formula given by Tromsox and Tarr*

1 1 1
et
Thus

, €’ 6
E= e and E = e
and therefore

F:E=¢:e

With the above correction, then, the laws (@) and (b) become identical.

The sphercid will be distorted not only by centrifugal force about a displaced
axis but by the relaxation of centrifugal force about the original axis. The second
disturbing factor has been neglected by Professor Nuwooms. ‘

The disturbing potential will be the difference of the rotation-potentials due to
rotation with angular velocity w about Oz and about Oz, that is to

ot (a8 4 27) = 302 o 1)
= 10 (2 4 97) — 4o ({0 — 20 + (y + B
= o (Oyez — 0,y2).

It is obvious that the equations (19), (20) are the equations for the distortion of
an elastic sphere when distorted by forces throughout its mass derivable from this
potential function.

Finally the angular velocity of R about P is A, and therefore the angular velocity
of R as viewed from P’ is
P ) &t ¢

)\'RP’ €

= WE,

which is the third hypothesis made by NEwcoms.

# ¢ Natural Philosophy,” Part II., § 840.
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§ 9. Conclusions.

The existence of the Tulerian nutation, and the fact that it would give rise to a
variation in latitude, was first predicted theoretically on the assumption that the
Farth could be regarded as a rigid body. Our present work, however, shows that
the hypothesis of perfect rigidity, though affording a sufficiently close approximation
to the circumstances presented by nature to specify the character of the oscillation,
is totally inadequate to lead to a correct determination of the period unless the
Earth possesses a very much higher degree of rigidity than is met with in substances
which have been subjected to experiment. The only knowledge we have of the
amount of the Earth’s rigidity arises from the very vague indications furnished by
Tidal Theory, and we must therefore have recourse to observation to determine the
period with accuracy. This has been effected by Dr. CHANDLER, who, as the result
of a discussion of a very large number of observations, has assigned 427 days as the
true period. This period is, as the present theory requires, considerably in excess of
the Hulerian period of 305 days.

In § 7 we have endeavoured to obtain a numerical estimate of the effective rigidity
of the Earth which would be consistent with this observed period, and we have
found it to be slightly greater than that of steel, a result which agrees sufficiently
closely with the requirements of Tidal Theory. Various causes however combine to
render this result liable to a considerable amount of uncertainty. In the first place,
our present analysis applies only to a homogeneous spheroid composed of isotropic
material, neither of which conditions are fully realized in the case of the Earth. In
the second place, there are probably other causes in addition to the elastic deforma-
tious of the solid parts of the Earth, which tend to modify the period. In particular
we have completely neglected the effects of the mobility of the ocean. According to
NEewcoms these effects will be small compared with the effects of elastic deformation,
but different writers have expressed widely different opinions on the subject. Thus
WoobpwARD* is of opinion that they alone would be sufficient to fully account for the
observed extension of the period. NEWCOMB’S view is to some extent confirmed by
the smallness of the tide having a 427-day period which has been made the subject of
observation by BAkHUYSENT and A. S. CHRIsTIE, | and as it has appeared to me to
be quite open to question in what manner the results would be affected, I have
thought it best not to apply any correction on this account ; the results, then, must
only be regarded as provisional, pending more complete mathematical investigations
on the subject.

In a previous paper§ 1 have investigated the effects of an internal fluid nucleus,

* ¢ Astron. Jour.,” No. 345, vol. 15.
+ ¢ Astron. Nach.,” No. 3261.

I ¢ Astron. Jour.,” No. 351.

§ ¢ Phil. Trans.,” A, 1895.
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and found that if the central solid portions of a rigid spheroid were replaced by
liquid, the theoretical estimate of the period of oscillation would be diminished. Tt
might appear then that our estimate of the Earth’s rigidity would be diminished if
we suppose there to be a central fluid nucleus. That this is not so, I think the
following considerations will show.

In accordance with the results of the above-mentioned paper the effect of internal
fluidity would be to increase the effective value of the quantity we have denoted by e.
When the external crust is of considerable thickness, the increase in this quantity is,
however, very slight ; thus for a crust of about 2,000 miles in thickness we find € is
increased in the ratio 305:300. Now it seems that if the central solid portions of
the Harth were replaced by fluid the increase in the value of ¢, which denotes the
ellipticity due to rotation, would be much more rapid, and that consequently Mo
would rapidly diminish. We conclude then that the increased effects of the elastic
deformations would more than counteract the influence of the reduced effective
inertia due to internal fluidity, and that with a given degree of rigidity the period of
oscillation would be still further prolonged. The degree of rigidity of the crust
necessary to account for a given period would also have to be increased, and as the
estimate we have already found is high, the evidence furnished by the latitude-
variation still seems opposed to the existence of an internal fluid nucleus.

Finally we may consider the effects of the Earth’s viscosity. Unless this be so
great that the present work is inapplicable, a circumstance which seems to be quite
precluded from the close agreement of our results with observation, the chief effect of
internal friction will be to cause the -oscillation in question to gradually die out
without producing any material change in the period. The dissipative forces arise
entirely from the distortion of the parts of the system, and consequently no such
forces will occur if the system be absolutely rigid throughout. Now we have seen
that the motion consists very approximately of a rotation as a rigid body, and that
the elastic distortions are exceedingly minute. Hence we conclude that a very small
amount of dissipative force will be called into play, and thus if the motion is once set
up, there appears to be no difficulty in accounting for its continuance for a very con-
siderable period, possibly extending over several centuries.
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